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1. INTRODUCTION 
The purpose of this paper is to discuss the existence and uniqueness of 
solutions to the nonlinear ordinary integrodifferential equation 
$y- R(x, h) W = - P(x, h) 
with 
h = 
.i 
l Q(x) W(x) dx (1.2) 
0 
(Q(x)>OifO<x,<l)andh omogenous boundary conditions 
W(0) = W(1) = 0. (1.3) 
An equation of this type arises in the study of suspension bridges. Thus, W, 
the vertical deflection of a suspension bridge stiffener truss, is a solution of 
[I, PP. 2771 
h = ; fI q(x) W(x) dx 
0 
and boundary conditions 
W(0) = W(l) = 0. (1.6) 
The known (nonnegative) functions L(x), p(x) and q(x) are the flexural 
rigidity of the stiffener truss, the “traffic” load (live load) per unit length, 
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and the weight of the bridge (dead load) per unit length. H, the dead load 
tension in the suspension cable, and C are known constants and K(x, [) 
is a given (nonnegative) kernel. The term h, the induced live load tension, is 
the additional tension in the suspension cable due to the live load p(x). 
One of the recurrent difficulties in treating (1.4) and (1.5) is the evident 
existence of infinitely many solutions-of which only one is physically 
meaningful. For example, in attempting to solve (1.4) and (1.5) numerically 
Heller, Isaacson, and Stoker [2] f ound that a straight forward iteration 
scheme on h (cf. [2]) led to a physically meaningless solution corresponding 
to a compression (H + h < 0) in the suspension cable. Thus it was necessary 
to introduce various modifications in order to obtain a procedure which 
converged to a solution having the suspension cable in tension (N + h > 0). 
However, in [3] it was observed that in the case of constant flexural rigidity 
L(X) this difficulty may be circumvented by reformulating (I .4) and (1.5) 
so as to eliminate the “compressive” solutions. This reformulation made it 
possible to prove the existence of a “tensile” solution (H $ h > 0) and to 
prove uniqueness of the tensile solution when the dead load tension H is 
sufficiently large. This development also led to an efficient procedure for 
calculating the tensile solutions of (1.4) and (1 .S) numerically. In the present 
paper the results obtained in [3] will be generalized to Eqs. (1.1) and (1.2)- 
which will include (I -4) and (1.5) with variable flexural rigidity as a special 
case. 
In Section 2 of this paper it will be shown that under certain conditions on 
R(x; h) and P(x; h) Eqs. (1.1) and (1.2) h ave a tensile solution (i.e. h > 0). 
The uniqueness of this solution will be discussed in Section 3. An appendix 
is devoted to a discussion of an appropriate procedure for finding numerical 
solutions. 
2. EXISTENCE 
Since Eqs. (1.1) and (1.2) are coupled by the quantity h (note that although 
h depends on w it is independent of x) it is convenient to begin by assuming h 
is known. In this situation Eq. (1.1) becomes a linear ordinary differential 
equation with homogeneous boundary conditions (1.3). The Fredholm 
Alternative Theorem [4, pp. 118 ff.] implies that (1.1) will have a unique 
solution for each value of h if the homogeneous equation 
gy - R(x; h) W = 0 (2.1) 
with boundary conditions (1.3) has only the trivial solution. In order to 
decide when this is the case multiply (2.1) by a solution W and integrate the 
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result from x = 0 to x = I. After an integration by parts the result is easily 
put in the form 
f’ ((w’)” + R(x; h) W2} dx = 0 P-2) 
when the prime indicates differentiation with respect to x. If R(x; /a) > 0 for 
0 < x < 1 the relation (2.1) implies that W = 0 (i.e. (2.1) has only the 
trivial solution) and hence that there exists a unique solution of Eq. (1 .l ) 
with boundary conditions (1.3). Thus it will be assumed that 
(A) R(x; h) > 0 and continuous for O<x<l if h 30. 
It follows from the preceeding remarks that 
LEMMA 2.1. If  R(x; h) has property (A) Eq. (1.1) with boundary conditions 
(1.3) has a unique solution for every value of h > 0. 
The (unique) solution (1.1) may be written in the form 
W = j’ G(x, 5; h) I’([; h) df 
0 
(2.3) 
when G(x, 5; h) is a kernel (Green’s function) depending on R(x; h) but not 
on the forcing function P(t; h). In addition G(x, 8; h) is a continuous function 
of h if R(x; h) is a continuous function of h. The kernel G(x, 6; h) has certain 
properties which are important in the discussion of solutions of (1.1). 
LEMMA 2.2. If R(x; h) hasproperty (A) and h >, 0 the kernel G(x, E; h) 3 0 
for all x and 5 in the interval (0, 1). 
PROOF. The lemma follows from the fact that every solution of the dif- 
ferential equation 
57 - R(x; h) W = -f(x) (2.4) 
with boundary conditions (1.3) is nonnegative on (0, 1) iff(x) is nonnegative 
on (0, 1). To show this, assume the contradiction, i.e., assume W(x) is 
negative on some interval 0 < x1 < x, < 1 where W(xI) = W(x,) = 0. The 
equation (2.4) may be integrated twice to obtain 
W(x) = W’(x,) (x - ix*) + jz is’ (R(7; 4 W(T) -f(4) hi df. (2.5) 
01 51 
However, IV’(+) < 0 and the integral in (2.5) is strictly negative, Therefore, 
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W(xJ < 0. This is the contradiction since by assumption W(x,) = 0. 
Since the solution of (2.4) may be written in the form 
W = j: W, 8; h)f(O dt. (2.6) 
it follows from the preceeding remarks that the right side of (2.6) is non- 
negative for every nonnegative functionf(x). It is an immediate consequence 
that 
G(x, t; h) 2 0. (2.7) 
If R(x; h) is a differentiable function of h the solution of (2.4) will also be a 
differentiable function of h and in fact, W,, may bc written in the form 
wh(x; h) = j'f(5, $ G(x> 5; h) d-5. (2.8) 
0 
On the other hand, W, must satisfy the differential equation obtained by 
differentiating (2.4) with respect to h, i.e., 
w,” - R(x; h) w, = R&x; h) W(x; h) 
(and boundary conditions (1.3)). This equation has a solution which may be 
written 
W, = - 
s 
’ G(x; 6; h) Rh(S; h) W(t; h) df. (2.9) 
0 
or using (2.6) and interchanging the order of integration 
W, = - j'f(d 1 j' &it; 4 G(x; 4 G(t, 7; h) dtj d7. (2.10) 
0 0 
If (2.8) and (2.10) are compared it is clear that 
s I if (4 4 G(x, T; h) + j’ Rh(S; h) G(x, k; h) G((, T; h) d[I d7 = 0 (2.11) 0 
for all nonnegative functions f (x). Thus the derivative of the Green’s function 
may be written 
q$ G(x, T; h) = - s’ RdS; 4 Rx, 5; h) G(t, 7; h) df. (2.12) 
0 
If RJ,(x; h) > 0 Lemma 2.2 in conjunction with (2.12) guarantees that 
aG(x, T; h)/iYh < 0. Th ere ore f the second condition imposed on R(x; h) 
will be 
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(B) R,,(x; h) 2. 0 and continuous for all h z4 0 if O<xfl. 
It follows that 
LEMMA 2.3. If  K(x; h) satisfies properties (A) and (B) the Green’s function 
G(x, 5; h) is a nonincreasing functiorl of lr (h > 0) for x and 5 in the interval 
(0, 1). 
The solution W(x; h) of the differential equation (1.1) is given explicitly in 
(2.3). Thus the question of finding tensile solutions of (1.1) and (1.2) is 
equivalent to finding those values of h which are solutions of the algebraic 
equation (cf. (1.2) and (2.3)) 
h = j; @x) j; G(x, 5; h) P(t; h) dSL/ dx = F(h). (2.13) 
Alternatively, the solution of (1.1) and (1.2) may be determined by finding 
the intersection of the two curves 
(4 y==h (2.14) 
(b) y  = F(h). (2.14) 
It remains to decide under what conditions the curves (2.14) will have an 
intersection. 
The curve defined by (2.14a) will intersect any curve y = F(h) which has 
the property that (i) F(0) 2 0 and (ii) F(h) has a positive bound for h > 0. 
Since G(x, 4; h) is nonnegative and a nonincreasing function of h (Lemma 2.2 
and 2,3)F(h) will have properties (i) and (ii) if 
(C) P(x; 0) 3 0 and P(x; h) (continuous) has a positive bound for 
all h>O if O<x<l. 
Thus the existence theorem may be stated as 
THEOREM 2.1. The equation (I .I) and (1.2) with boundary conditions (1.3) 
have a tensile solution if R(x; h) has properties (A) and (B) and P(x; h) has 
Property (Cl * 
It is easily verified that the suspension bridge deflection equations satisfy 
the conditions of Theorem 2.1. Thus 
COROLLARY 2.1. The suspension bridge deflection equations (1.4) and (1.5) 
with boundary conditions (1.6) have a tensile solution. 
If the forcing function P(x; h) is negative for h >- 0 the right side of (2.13) 
is negative while the left side of (2.13) is positive. It follows that 
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COROLLARY 2.2. The equations (1.1) and (I .2) with boundary conditions 
(1.3) haoe no tensile solutions ;f R(x; h) has properties (A) and (B) and 
P(x; h) < 0 (0 < x < 1) for all h 3 0. 
In conclusion it is worth noting that if P(x; h) is an increasing function of 
h Eqs. (1.1) and (1.2) may not have a tensile solution. For example, if P(x; h) 
is a function of h only, i.e., P(x; h) = P(lz), and 
it follows that 
h < j: IQ(x) j: G(x, 5; h) P(h) dt\ dx. 
Hence Eq. (2.13), or equivalently Eqs. (1.1) and (1.2), would have no tensile 
solution. 
3. UNIQUENESS 
In the preceeding section it was shown that under certain conditions on the 
functions R(x; h) and P(x; h) Eqs. (1.1) and (1.2) with boundary conditions 
(1.3) have a tensile solution. In this section it will be shown that under 
additional restrictions on P(x; h) the solution is unique. 
It is clear that the solutions of the simultaneous equations (2.14) (or equival- 
ently Eq. (2.13)) will be unique if F(h) is a nonincreasing function of h. Thus 
it is only necessary to decide when F(h) has this monotone behavior. The 
Green’s function G(x, 5; h) is nonincreasing by Lemma 2.3. Therefore F(h) 
wilf certainly be nonincreasing if P(x; h) > 0 when h > 0 and if, in addition, 
P(x; h) has the property that 
(D) P(x; h) (continuous) is a nonincreasing function of h for h30 
(0 < x < 1). 
In view of the above remarks it follows that 
THEOREM 3.1. The solution of Eqs. (1 .l) and (1.2) with boundary condi- 
tions (1.3) is unique if R(x; h) has properties (A) and (B) and P(x; h) has pro- 
perty (D) and satisjies the condition P(x; h) 3 0 for h > 0 and x in the interval 
(0, 1). 
If P(x; h) does not remain positive for h > 0 it is not clear that F(h) is 
monotone. In fact, F(h) may become oscillatory for some range of h. Thus it is 
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necessary to establish an additional condition on P(x; h) in order to eliminate 
the possibility of multiple intersections between the two curves defined by 
(2.14). Th e s o 1 p e of the curve (2.14a) is of course dy/dh = 1. Therefore 
uniqueness will follow if it can be shown that 
(3.1) 
It is not necessary, however, to show that the inequality (3.1) holds for all 
k 3 0. This is a consequence of the following: 
LEMMA 3.1. Under the conditions (A), (B), and (D) all soktions of the 
simultaneous equutions (2.14) occur in some finite interval 0 < h < h*. 
PROOF. If P(x; 0) < 0 property (D) implies that the equations (2.14) 
will have no tensile solutions. Therefore without loss of generality it may be 
assumed that P(x; 0) > 0. Define a function F(h) as 
F(h) = j’ /Q(x) j: W, k h) P(S; 0) dS/ dx 
0 
(3.2) 
and note that F(h) is a nonincreasing function of h (cf. Lemma 2.3). It follows 
that the two curves 
Y = F(h) (3.3) 
and (2.14a) will have exactly one intersection at some value h = h* (2 0), 
and for h > h* F(h) < h. However, property (D) implies that F(h) < F(h). 
Thus (2.14) can have no solution if h > h*. This proves the lemma. 
In order to investigate the magnitude of dF(h)/dh it is convenient to write 
the derivative in the form 
dF(4 - = q + ,t [Q(x) j: G(x, 5; h) w ds$/ dx 
dh 
- j: /Q(x) j; “G(;;; h, (I’(&; 0) - I’((; h)) df/ dx. (3.4) 
The first two terms on the right side of (3.4) are nonpositive. Therefore, the 
inequality (3.1) will hold if 
- j: /Q(x) j: aG(;;E; h, (I=([; 0) - P([; h)) dS/ dx < 1. (3.5) 
In other words, there will be at most one tensile solution if the inequality 
(3.5) holds for 0 < h < h*. However, aG(x, 5; h)/ah is bounded if 
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0 < h < h* (cf. (2.12)). Therefore if P(t; 0) - P(t; h) is sufficiently small 
for 0 < h < h* the inequality (3.5) will b e valid and the solution (tensile) 
will be unique. (Note that the allowable magnitude of P(t; 0) -~ P(t; h) will 
depend on R(x; h).) It is an immediate consequence of the mean value theo- 
rem that if 0 < h < h*, 
Thus the uniqueness theorem may be stated as: 
THEOREM 3.2. Let h* be the tensile solution of (2.14a) and (3.3). Under 
conditions (A), (B), and (D) there exists at most one tensile solution of Eqs. (1.1) 
and (1.2) with boundary conditions (1.3) ;f  1 W(x; h)/ah 1 is su#ciently small 
for 0 < h < h*. 
It is now convenient to consider the suspension bridge Eqs. (1.4) and (1.5). 
It may be shown that 
THEOREM 3.3. There exists at most one tensile solution of the suspension 
bridge Eqs. (1.4) and (1.5) (with boundary conditions (1.6)) ; f  the dead load 
tension H is su#iciently large. 
PROOF. Theorem 3.2 cannot be applied directly to the suspension bridge 
equations since for these equations 
H+h 
W; h) = L(x)-> 
i.e., R(x; h) (and h ence G(x, I; h)) depends on the dead load tension H. 
Thus it is necessary to return to the inequality (3.5) and verify it directly. 
For Eqs. (1.4) and (1.5) P(x; h) has the special form 
Therefore inequality (3.5) becomes 
(note that G(x, 6; h) also depends on H). Just as for Theorem 3.2 it is only 
necessary to verify that the inequality (3.6) holds for 0 < h < h* where h* 
is the (unique) tensile solution of 
409/24/I-I4 
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It follows from (3.6) that the Green’s function will be a function of H + la. 
Since the Green’s function is a nonincreasing function of h (Lemma 2.3) 
the Green’s function will be a nonincreasing function of H + h, and hence 
a nonincreasing function of H. The derivative of the Green’s function for 
Eqs. (1.4) and (1.5) may be written (cf. (2.12)) 
(3.9) 
In view of the preceding remarks and Eq. (3.9) it is clear that j aG(x, .$; h)/ah 1 
is a nonincreasing function of H. Thus the inequality (3.8) will be satisfied 
for 0 < h < h* if H is sufficiently large. Just as for theorem 3.2 this result 
implies the uniqueness of tensile solutions to Eqs. (1.4) and (1.5). 
4. APPENDIX 
In [3] it was noted that if the flexural rigidity L(x) is a constant the Green’s 
function can be found explicitly. Thus Eq. (2.13) becomes an explicit 
algebraic equation for h. There is no difficulty in finding numerical solutions 
of this algebraic equation using the method of secants (cf. [3]). However, if 
L(x) is not constant the Green’s function cannot in general be found explicitly. 
Therefore it is necessary to modify the procedure. 
It was indicated in Section 2 of this paper that if certain conditions were’ 
satisfied Eq. (1.1) (and (1.4)) h a d a unique solution for each value of h. In 
fact, in [2] there was no difficulty in solving (1.4) (for a given value of h) 
using a straight forward finite difference scheme. In view of the fact that 
F(h) = j-‘Q(x) W(x; h) dx, 
0 
(4.1) 
F(h) could in theory be computed for any value of h (> 0) by simply solving 
(1.1) by finite differences and evaluating (4.1) using the trapezoidal rule. For 
example, (1 .l) may be solved by finite differences for two values of h, say 
h, > ho > 0, and the two solutions ?V(X; ho) and W(x; hJ may be used to 
calculate two points (ho , yo) and (h, , yr) on the curve (2.14b) (cf. (4.1)). The 
equation of the chord passing through the two points (ho , yo) and (h, , yl) is 
given by 
Y = Y1 f- h, _ ho 
kd!% (h - A,). 
In general this chord will intersect the curve y = h (cf. (2.14a)). The inter- 
section point h, will be given by 
4 = (h, “$ I ;;;Ly”) = 
Who) - UP,) 
(h, - ho) - !W4 - Wo)) . 
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At the tlth step this scheme may be written 
h W(Ld - k-J?4 
s+1 = (h,, - h,-J - (qh,) -F(h,,-1)) ’ (4.2) 
where F(h,+l) may be calculated by first solving (1.1) with h = h,+l by 
finite differences and then using (4.1). Th’ 1s scheme has the advantage that in 
general h, ,) 0 at each step (this is certainly the case if F(h) is nonincreasing) 
and hence the iterates h, cannot converge to a compressive solution. Thus 
this procedure avoids the difficulties which were discussed in Section 1. 
However, it should be noted that to start the scheme (4.2) it is necessary to 
make two initial guesses for h, i.e. h, and h, . In [3], for the suspension 
bridge equations (and constant flexural rigidity), h, = 0 was chosen and a 
variety of choices was made for h, . It was found that the scheme converged 
rapidly regardless of the choice of h, . In order to verify that the scheme (4.2) 
has this feature for the suspension bridge equations (1.4) and (1.5) with 
variable flexural rigidity several situations were actually solved numerically 
on a CDC 3600 computer. In all cases the scheme (4.2) converged rapidly, 
and with h, = 0 the scheme was insensitive to the choice of h, . 
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